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Vertex-transi t ive graphs whose order  is a product  of two primes with a primitive automor-  
phism group containing no imprimit ive subgroup are classified. Combined wi th  the  results of [15] 
a complete  classification of all ver tex- t ransi t ive  graphs whose order  is a product  of two primes is 
thus obtained (Theorem 2.1). 

1. I n t r o d u c t i o n  

By p and q we shall denote distinct prime numbers, p being the larger one. 
Unless otherwise specified the graphs considered are finite, simple and undirected. 
By an n-graph we shall always mean a graph with n vertices. 

In this paper  we complete the classification of vertex-transitive pq-graphs 
initiated in [15] where imprimitive graphs - that  is those graphs among them 
which have an imprimitive subgroup of automorphisms - are characterized (see 
Proposition 1.1 below). 

If X is a vertex-transitive pq-graph having an imprimitive subgroup of AutX 
with blocks of size p, then it has to be a metacirculant [12]. (Note that  vertex- 
transitive p2-graphs are Cayley graphs of Abelian groups and therefore metacircu- 
lants.) Metacirculants were introduced by Alspach and Parsons [1] who also gave 
an algebraic characterization for these graphs. An (m,n)-metacirculant has an au- 
tomorphism f with a cycle decomposition 

f 0 0 0 1 1 1 m - 1  m - - l ~  = (V 0 V l . . .Vn .1 ) (V  0 .(V~ n - 1  Vl . . -Vn_I) . .  V 1 ...Vn_ 1 ) 

and an automorphism g which cyc]ically permutes the orbits 

V/ i i i ={v 0,v 1, ( i=  1 , _ , m -  --',%-1} 0, 1). 

1 Suppor ted  in par t  by the  Research Council  of Slovenia 

2 Suppor ted  in par t  by the  Ital ian Ministry of Research (MURST) 

AMS subject  classification code (1991): 05 C 25 



188 

) 

) 

D. MARUSIC, R, SCAPELLATO 

Fig. 1. The Petersen graph and its line graph. 

I t  can be shown that  there exists r E Z m such that  9(v}) ~ i+1 * = V r j  for all i and j ,  

forcing r h -  1 (modn) for some multiple h of m. In short, a metacirculant is a graph 
with a transitive cyclic or metacyclic subgroup. In the first case the te rm circulant 
is used. It  is shown in [1] that  every (m,n)-metacirculant  can be associated with 
an array (m,n,r, So,S1,...,Sk) where k L-~J, Si = {s E Zn :v~ is an edge} and 
r~Si  = Si. Let M(ra ,n ,  r, So, $1,..., Sk) denote the graph associated with this array. 

As for vertex-transitive pq-graphs having imprimitive subgroups of automor- 
phisms with blocks of size q other than circulants - they are rather rare. In fact, 
they only exist when p is a Fermat prime and q divides p -  2. They arise from an 
imprimitive action of SL(2 ,p -  1) with PG(1 ,p -  1) as the complete block system 
and are described in the following way [14, 15]. Let w be a fixed generator of 
GF(p-1)*. For a symmetric subset S of GF(q)* and a non-empty proper subset T 
of GF(q)* we let F(p, q, S, T) denote the graph with vertex-set PG(1,p-  1) x GF(q) 
such that ,  for each v E Pa(1,p-1) and each r E GF(q)*, the neighbors of (v,r) are 
all the vertices of the form (oc, r  + s), (s E S) and (y, r + t), (y E GF(p- 1), t ~ T) if 
v = co and all the vertices of the form (v, r + s), (s c S) and (co, r - s), (t E T) and 
(v+wi , - r+t+2i ) ,  ( iEGF(q) , tET)  if r e 0 .  We let F(p,q,S,T) be called a Fermat 
graph. Using Frucht 's notation [6], Figure 1 gives the Petersen graph the small- 
est metaeirculant which is not a circulant - and its line graph which is the smallest 
Fermat graph. 

In view of the above comments the following result characterizes vertex- 
transitive pq-graphs with an imprimitive subgroup of automorphisms. 

Proposit ion 1.1. [15, Theorem] Let X be a pq-graph. Then AutX has an imprimi- 
tive subgroup of automorphisms if and only if either 
(i) there exist an element r E GF(q)* satisfying r q =- 1 (modp), a symmetric subset 
SO of GF(p)* and subsets S i ( i -  1,2,,..., q@) such that X is isomorphic to the 
metacircuIant M(q,p, r, So, $1, ...Sq-1 ) or 

2 

(ii) there exist a symmetric subset S of GF(q)* and a subset T of GF(q) such that 
X is isomorphic to the Fermat graph F(p,q,S,T). 

Moreover the classes of Fermat graphs and metacirculants are disjoint. I 
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Now, to complete the classification of all vertex-transitive pq-graphs a thorough 
analysis of all vertex-transitive pq-graphs with primitive automorphism groups, all 
of whose transitive subgroups are also primitive, is needed. Such graphs will be 
called primitive. This terminology may be a bit non-standard, but we think that  
the description of vertex-transitive pq-graphs with a primitive automorphism group 
containing an imprimitive subgroup is more naturally obtained via Proposition 1.1. 
(In particular, in our terminology a primitive graph with a non-prime number of 
vertices is necessarily a non-Cayley graph.) Primitive pq-graphs are thus obtained 
from uniprimitive groups (that is primitive but not doubly transitive groups) of de- 
gree pq without imprimitive subgroups via the standard orbital graph construction 
described below (see also [2]). 

Let G be a transitive permutat ion group on a set V. To an element v E V and 
a suborbit W of G relative to v that  is an orbit of the stabilizer Gv of v in G 
we associate a binary relation Rw on V where xRwy if and only if there exists g E 
G such that  g(x) = v and g(y) E W. If W is non-trivial ( r  {v}) we let the orbital 
graph X(G, W) of G with respect to W be the graph with vertex-set V and arc-set 
Rw. Of course, X(G,W) is undirected if and only if W is self-paired, that  means 
when R W is a symmetric relation on V. Taking this definition a little further, a 
generalized orbital graph X(G,W) of G with respect to a non-empty, self-paired 
union W r V \  {v} of suborbits of G has vertex-set V and arc-set R W. A particular 
example of this situation is given by a group G acting faithfully on the set Y~ of right 
cosets of a subgroup H by right multiplication. Let ~V ~ \  {H} be a non-empty 
self-paired union of non-trivial suborbits of G associated with this action and let 
R ~  be the union of the corresponding binary relations on ~ .  To specify the group 
H we use the notation X(G,H,~V) for the corresponding generalized orbital graph. 

It is hoped that  the classification given here may prove useful in partially 
resolving the Lovs problem on the existence of Hamilton paths in connected 
vertex-transitive graphs [11]. For example, the Petersen graph is the only non- 
hamiltonian graph among vertex-transitive pq-graphs with an imprimitive subgroup 
of automorphisms (see [13]). Some current work on hamiltonian properties of 
primitive pq-graphs will be the content of a sequel to this paper. 

Finally, let us remark that  it came to our notice while revising this paper  
that  a classification of arc-transitive pq-graphs - a subclass of vertex-transitive pq- 
graphs - has been obtained by Praeger, Wang and Xu [19]. Rather  than describing 
their graph-theoretical structure, the classification is done in terms of the whole 
automorphism group. 

2. T h e  c l a s s i f i ca t ion  

The main tool in our classification is the Liebeck-Saxl's list of all non-abelian 
socles of primitive groups of degree rap, where m < p [10, Table 3, p. 239 I. Note 
that  if such a primitive group G has no imprimitive subgroups, its socle cannot be 
abelian. Namely, if this was the case the socle of G would be transitive and therefore 
regular. This however is impossible since rnp is not a prime power. Therefore the 
automorphism group of a primitive pq-graph must necessarily contain as a subgroup 
a group in the above mentioned list. Besides, the extra conditions that  the group 
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is n o t  d o u b l y  t r a n s i t i v e  a n d  t h a t  m = q is a p r i m e ,  r e d u c e s  t h i s  l is t  t o  t h e  one  g i v e n  
in  T a b l e  1. T h e  a r i t h m e t i c  a r g u m e n t s  a re  in  m o s t  cases  q u i t e  s t r a i g h t f o r w a r d ,  in  
s o m e  less obv ious .  

Table 1. Non-abelian socles of uniprimitive groups of degree pq 

row soc G (p, q) action comment 
p - 1  1 Ap (p, --7-) pairs p _> 5 

2 Ap+ 1 (p, P~-_!) pairs p > 5 

3 A 7 (7, 5) triples 

4 PSL(4, 2) (7, 5) 2-spaces 

5 PSL(5, 2) (31, 5) 2-spaces 

6 PSp(4, k) (k 2 § 1, k + 1) 1-spaces p and q 

Fermat primes 

7 P~2e(2d, 2) (2 d - e,2 d-I +e) 

8 

9 

10 

11 

12 

13 

14 

s = + l :  

singular d Fermat prime 

1-spaces c = - 1  : 

d - 1 Mersenne prime 

PSL(2,p) (p, p + l ,  -W-)  cosets of p ~ 1 (rood 4) 

Dp_ 1 p > 13 
p - 1  P S L( 2, p) (P, ---'2--) cosets of 

Dp+l 
pSL(2, q2) /q 2+1 , ~--W--, q) cosets of 

PGL(2, q) 
PSL(2, p) (19, 3), (29, 7) cosets of 

(59, 29), (61, 31) A5 
PSL(2, 25) (23, 11) cosets of S 4 

PSL(2, 1i) (11, 5) cosets of A 4 

M23 (23, 11) see [4] 

p = 3 (raod 4) 

15 M22 (11, 7) see [4] 

16 N i l  ( l i ,  5) s e e  [4] 

S u c h  is t h e  a c t i o n  of  P S L ( d ,  k) o n  2 - s u b s p a c e s  of t h e  a b o v e  m e n t i o n e d  L i e b e c k -  
( k d - 1 ) ( k e - l - 1 )  

Saxl's list. Its degree is (k2_1)(k_1) For this number  to be a product  of two 

primes in case d = 2s is even, we must  have ( p , q ) = / k d - l - 1  kd--l~ where bo th  s ~--t7~T--, ~-2- f  ], 
a n d  2s  - 1 a re  p r i m e s .  S imi la r ly ,  if  d = 2s  + 1 is o d d ,  t h e n  we m u s t  h a v e  (p, q) = 

~'-~-i-,~J,(kd--1 ka-l--l~ with bo th  s and  2 s + 1  being primes. These condit ions imply tha t  

s = 2. Namely, for s > 2 it follows tha t  q has the form 1 + k 2 + . . . .  + k 4j , wi th j > 1. 
3 22 I 2 2 T h u s  l e t t i n g  a = l + k 2 +  . . . .  + k  2j a n d  b = k + k  + . . . .  + k  "- we see t h a t  q = a  2 b  

is n o t  a p r i m e .  T h e r e f o r e  q = 1 +  k 2 m u s t  b e  a F e r m a t  p r i m e .  Also ,  in  t h i s  case  p C 
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{ l + k + k 2 , 1 + k + k 2 + k 3 + k 4 } .  For q > 5  we have k - l ( m o d 3 )  and k=-l(mod5) 
and so p would not be a prime. Hence q = 5 giving us PSL(4,2) and PSL(5,2)  as 
the only admissible groups in this case (see rows 4 and 5 of Table 1). 

(kd--e)(kd-i+e) 
Similarly, for the degree k - t  of the group Pf~e(2d, k),c=~:l,  acting 

on singular 1-spaces (note tha t  the group PP.-(2d, 2) is missing in the Liebeck- 
SaM's list) to be a p roduc t  of two primes, we must  have k = 2. To illustrate the 
a rgument  let e = - l .  Then  we must  have tha t  k=22~ and tha t  d=2 s for r_>0 and 
s_> 2. If  k > 2 then r > 1 and so k = h 2 for some integer h. Since d -  1 > 3 is odd we 

s f h  d-1 l h d - l + l ~  
have tha t  q = k-1 = \ h - z f  ~ ] is a composi te  number,  a contradiction.  

So k = 2 and therefore q = 2 d-1 - 1. The  primeness of q then implies tha t  d -  1 = 
2 s - 1 is a prime and thus s is a prime too. This justifies row 7 of Table 1. 

The class of primitive pq-graphs is obtained following these steps. First, all 
those groups in Table 1 which have imprimitive subgroups are excluded. Next, it is 
proved tha t  for the remaining groups the corresponding generalized orbital graphs 
are in fact primitive. Finally, it is made sure tha t  those graphs among them which 
arise from more than  one group are only counted once. We thus extract  a reduced 
list of groups shown in Table 2. The proof  tha t  this list is complete, together  with a 
detailed analysis of the various cases and the description of the relative generalized 
orbital  graphs, is the main object  of this paper  and the content of Theorem 2:1 
below. 

Theorem 2.1. A vertex-transitive pq-graph must be one of the following: 
(i) a metacirculant, 
(ii) a Fermat graph, 
(iii) an orbital graph arising from certain rank 3 representations of  Pf~•  or 
M22, 
(iv) a generalized orbital graph associated with the action of A7 on triples, 
(v) a generalized orbital graph associated with a 2-dimensional projective special 
linear group. 

Furthermore the five classes of graphs above are mutually disjoint. Addition~I 
information is provided in Proposition 1.1 above fox" imprimitive graphs (i)-(ii) an d 
in Table 2 for groups admitting primitive graphs pii)-(v). A detailed description of 
these graphs is given in Sections 3, 4 and 5. | 

The following simple group-theoret ic  result will be used in the proof  of this 
theorem. 

Lemma 2.2. Let G be a transitive group on a set V of degree n and order ns. Le~ 
H be a subgroup of G such that n divides IHI and ( [G:  HI,  IHJ) = 1. Then H is 
transitive. : 

Proof.  Let IHI =nt. Then  (nt, s ) =  1. Let x H  denote the orbit  of H containing x. 
For any x E H,  we must  have I~H[[H~] = IH[. Now IHx[ divides JH[ as well as 
since Hz C_Gz. So JHzl divides (s,nt), which is equal to t. But  then [xH] >_-~=n. 
Thus [xH]=n. | 

P r o o f  of  Theorem 2.1 . We shall first show tha t  the groups in Table 1 not ap- 
pearing in Table 2 either contain imprimitive subgroups and so the corresponding 
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Uniprimitive groups of degree pq without imprimitive subgroups and with 
non-isomorphic generalized orbital graphs 

soc G (p, q) action comment 

PW(2d, 2) (2d--r d-1 +s) 
singular 

1-spaces 

M22 (11, 7) see [4] 

A7 
PSL(2, p) 

PSL(2, q2) 

(7,5) 
(o p--I ~,-W-) 

q2+1 - - ~ ,  q) 

(61, 31) PSL(2,61) 

triples 
cosets of 

Dp-1 

cosets of 
PGL(2, q) 
cosets of 

A5 

e = + l :  
Fermat prime 

d -  1 Mersenne prime 

p =-- 1 (rood 4) 
p>13  

e a s e  

(iii) 

(iii) 
(iv) 
(v) 

q >_ 5 (v) 

(v) 

generalized orbital graphs are metacirculants and Fermat graphs or give rise to 
generalized orbital graphs associated with some groups in Table 2. 

Metacirculants arise precisely in these cases: from groups PSL(2 ,19) ,  
PSL(2 ,29) ,  PSL(2 ,59)  in row 11 - in this proof row j will always stand for row j 
of Table 1 - and from all the groups in rows l, 5, 9, 12, 13, 14 and 16. To see this 
we first show that in each of these cases the normalizer of a Sylow p-subgroup acts 
transitively and hence imprimitively. 

Consider first the group Ap acting on pairs. If f denotes the p-cycle (0 1 ... p - l )  

and g is given by the formula g(i)= ri (i C GF(p)) ,  where r has order P@ in GF(p)*, 
then the normalizer of < f > in Ap is < f ,g  > which is easily seen to be transitive 
on pairs. 

In all other cases the transitivity of the normalizer follows by Lemma 2.2. With 
the exception of the group PSL(2 ,19)  in row 11, all these normalizers contain a 
regular subgroup and so the corresponding graphs are Cayley. On the other hand, 
the generalized orbital graphs of the rank 4 group PSL(2 ,19)  are non-Cayley. 
In fact, apart from the Petersen graph and its complement these are the only 
non-Cayley metaeirculants with a primitive automorphism group. (The one with 
smallest degree 6 is the distance-transitive Perkel graph [3].) 

Moreover, none of the graphs in the remaining cases of Table 1 is a metacircu- 
lant. Namely, we have p ~  1 (modq) and so by [1] to be a metacirculant such a graph 
would have to be a circulant, that is a Cayley graph of a cyclic group. However, 
by [22, Theorem 25.4] no simply primitive group contains a regular cyclic group of 
composite order. 

Moving onto Fermat graphs, the necessary condition is of course that p is a 
Fermat prime and that q divides p - 2 .  This is only satisfied for the rank 3 action of 
A6 on pairs in row 2 as well as the group PSL(2 ,9 )  which is isomorphic to A6 - 
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in row 10 and for the rank 3 action of the group PSp(4, h) in row 6 with p = k 2 + k  
and q = k+  1 being Fermat primes. Surprisingly the two orbital graphs in row 6 are 
in fact Fermat graphs. Namely, the group PSp(4, k) contains an isomorphic copy of 
PSL(2, k 2) acting imprimitively on 1-spaces. This follows in view of the fact that 

SL(2, k 2) c Sp(4, k) :  for all prime powers h. (1) 

To see this let I denote the identity 2x2-matrix, E be the 4x4-matrix [_0/ 0/], ~3C= 

GF(h) and ~ a 4-dimensional vector space of columns over K.  Now a symplectic 
form over ~ is given by (X, Y ) =  XtEy. The group @(4,  k) then consists precisely 
of the 4 x 4-matrices S such that  

s t E s  = E.  (2) 

Let f(x) = x 2 +  rx + s be an irreducible polynomial over K.  Then f(x) is the 

characteristic p~176 ~ the matrix M =  [ -r l  ; s ]  . By the Hamilton-Cayley 

theorem f(M)= 0. Let • t  be the field of order k which consists of all 2-dimensional 
scalar matrices aI, where a ca32. Then M ~2ff' and [X ' (M) :X ' ]  =2.  We may thus 

considerSL(2,h2) asthegroupofthe2x2-matrices [ A B],whereA, B,C, Dc 

Kt(M) and AD-BC=I,  the unit o f X  ~. It is then not difficult to see that these 
matrices satisfy (2) obtaining thus an embedding of SL(2,h 2) inside Sp(4, k) and 
proving (1). A short computation shows that  this group is transitive and - -  since it 
does not appear in the list of Liebeek and Saxl [10] - -  imprimitive on the 1-spaces 
of ~ .  This gives us an indirect proof of the fact that  the two orbital graphs in row 
6 are Fermat graphs, as they certainly cannot be metacirculants. Also, the strong 
regularity array of the one with smaller degree is (k3+k2+k+l, k2+k, k-l, k+l )  (see 
[7]). Now it is not difficult to check that  F(p,q, GF(q)*,{O}) is the only Fermat 
graph with the same array, giving us a rather neat description of the two rank 
3 graphs in row 6. In the smallest admissible case (p, q) = (5, 3) the two graphs 
are L(K6) and L(K6) c which also turn out to be the orbital graphs for the group 
A6 = PSL(2,9) in rows 2 and 10. In Figure 2 the graph L(K6) c is shown using 
the notation of Frucht [6] and emphasizing t he th r ee  orbits of an automorphism of 
order 5. 

We are now left with primitive groups without imprimitive subgroups. To 
conclude the proof we have to consider all those cases in which two different groups 
give rise to the same generalized orbital graph. Of course, this situation can 
only occur when the degrees of actions are equal. Using this fact, some tedious 
computations reduce the list of possible overlappings to three pairs of groups 
corresponding respectively to: rows 2 and 8, rows 3 and 4, and for p = 61 rows 
2, 8 and 11. 

The rank 3 action of Ap+l on pairs of {1,2 , . . . ,p+ 1} contains the action of 
PSL(2,p) on cosets of Dp-1. This is seen by identifying {1,2 , . . . ,p+ 1} with the 
projective line over GF(p) and observing that  Dp-1 is the stabilizer of a pair of 
points. As a consequence, the two orbital graphs associated with this action of 
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0,_+ 1 

Fig. 2. L(K6) c. 

Ap+l can be found among the generalized orbital graphs of the relative action of 
PSL(2,p). This justifies the omission of row 2 of Table 1 from Table 2. 

Next, as PSL(4,2) is isomorphic to As, it certainly contains a copy of A7 as a 
subgroup. It follows from [8, Satz 2.6, p. 157] that  every A7 inside PSL(4,2) acts 
doubly transitively on the 15 non-zero vectors in V(4,2) and so it acts transitively 
on 2-subspaces. This gives a transitive representation of A7 of degree 35. But 
A7 has only one conjugacy class of maximal subgroups of index 35 and so this 
representation is equivalent to the action of A7 on triples. Note also that  the 
groups Pgt+(6,2) and PSL(4,2) are isomorphic and the action of Pf~+(6,2) on 
singular 1-spaces in row 7 of Table 1 is equivalent to the above action of PSL(4, 2). 
This justifies the additional condition d >  5 in row 1 of Table 2. 

Let us now consider the possible overlapping of rows 2 and 11 for p = 61. There 
is a unique permutat ion representation of PSL(2,61) of degree 62, the natural  
action on the projective line. Also, the normalizer of this group in $62 contains 

an odd element, for example the one corresponding to the matr ix  11 " 

all subgroups of A62 isomorphic to PSL(2,61) are conjugate in A62. Therefore 
considering the action of A62 on pairs, the subgroups isomorphic to PSL(2,61) 
inside A62 give rise to an action on cosets of D60. This shows that  rows 2 and 11 
give rise to disjoint classes of graphs. 

Finally, suppose that  there is a graph X which is a generalized orbital graph 
of H = PSL(2,61) acting on cosets of D60 as well as of H / = PSL(2,61)  acting 
on cosets of As. Let G = <  H,H ~ >. The socle S of G is a primitive group which 
must appear  in the Liebeck-Saxl's list [10, Table 3, p. 239]. But apart  from the two 
actions of PSL(2,61), the only other such group is An2 acting on pairs. However, 
the previous argument excludes the embedding of H ~ in A62. Thus rows 8 and 11 
give rise to disjoint classes of graphs. | 

The rest of the paper  is devoted to the description of primitive graphs arising 
from groups in Table 2. 2.1 are dealt with in the next section. Section 4 gives the 
description of generalized orbital graphs associated with the action of PSL(2,p) 
on the cosets of dihedral subgroups Dp-1 and those associated with the action 
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of PSL(2,61) on cosets of A5. Section 5 discusses the generalized orbital graphs 
arising from the action of PSL(2, q2) on the cosets of PGL(2, q). 

3. Low r a n k  g roups  

In this section we discuss cases (iii) and (iv) of Theorem 2.1, that  is the 
generalized orbital graphs associated with groups in rows 1, 2 and 3 of Table 2. 
With the exception of four graphs arising from the action of A 7 on triples, the rest 
are all rank 3 graphs. The graphs in Table 3 and their complements are precisely 
all of these graphs. (For the arithmetic conditions on p and q see Table 2). 

Table 3. Generalized orbital graphs of low rank groups 

group vertex set adjacency degree 

PSL(4, 2) 2-spaces intersecting spaces 18 

P~•  2) singular 1-spaces orthogonal spaces 2(2d-lT1)(2d-2: t : l  ) 

M22 blocks of S(3, 6, 22) disjoint blocks 16 

A 7 triples empty intersection 4 

A 7 triples 2-element intersection 12 

The rank 3 graphs from the first three rows correspond to cases CI, C4 and 
$2 in the Hubaut's list [7, pp. 366-373]. A straightforward computation shows 
that the action of A7 on the set of triples of {1,2,...,7} gives rise to three orbital 
graphs of degrees 4, 12 and 18, with the respective adjacencies defined according to 
whether the intersection of two triples has no element, two elements or one element 
in common. This justifies the last two rows in Table 3. Of course, the graph with 
degree 18 is in fact the rank 3 graph from the first row of Table 3 (see also the 
proof of Theorem 2.1). 

Note that the smallest admissible pair (p,q) of prime numbers for the second 
row in Table 3 is (17,7). Let us also mention that the rank 3 graphs in Table 3 and 
their complements together with the orbital graphs of the action of Ap+l on pairs 

- which correspond to case K2 in the above mentioned list - exhaust the class of 
all rank 3 primitive pq-graphs. 

To end this section, observe that the graph in row 4 of Table 3 is the so called 
odd graph 04. A neat representation of this graph may be given using the notation 
of Frucht [6] which emphasizes the five orbits {ff(135): i-- 0,1, ..., 6}, {fi(467): i-- 
O, 1, ..., 6}, {fi(125):i---0,1, ...,6}, {fi(346):i----0,1,-.,6} and ( f i  (127):i=0,1,  . . ,6} 
of the cycle (1234567) (see Figure 3 below). 

4. Ac t i ons  o f  PSL(2,p) 

The generalized orbital pq-graphs arising from the action of projective linear 
special groups are classified in this and in the next section, by giving an explicit 
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Fig.  3. O d d  graph  0 4 , 

description of suborbits. In particular, we compute the subdegrees of the corre- 
sponding actions. Let us also remark that subdegrees of all primitive permutation 
representations of PSL(2,k) were calculated in [21]. This thesis is quite nonavail- 
able, but some extractions appeared in [5]. 

The graphs arising from the action of G = PSL(2,p) on the set Y( of right 
eosets of H = Dp-m can be described in the following way. (For further details as 
well as all the proofs see [16].) 

Firstly, note that  in order for q = ~ to be a prime we must have p_-- 1 (rood4). 
Let F = aF(p) and F * =  F \ {0}. For simplicity reasons we refer to the elements of 
G as matrices: this should cause no confusion. Let H consist of all the matrices of 
the form 

[ ;  zO_l] and [ 0 E 
o r*/.  

we let x(g) = (~(g),r/(g)) be the character of 9- Let ~ be the equivalence relation 

on F x F *  defined by (~ ,~ )~  ( 1 - ~ ,  {~_--~l) for ~ r 0,1. There is then a natural 
identification of the sets Yff and (F x F*) /~U{oc} where oo corresponds to H and 
(L 7) corresponds to the coset Hg satisfying x (g )=  (~,r;). 

Let S* denote the set of all non-zero squares in F and let N* = F* \ S*. For 
each ~ E S* define the following subsets of ~ .  Let 5e~- = {(~,~): rl E S*}, J~- = 

{ (~, 7): ~ c N*} and 3~ = J ~  UJ~-. We observe that,  for ~ r 0,1, the sets { J ~ ,  5~ - } 

(1,7) 1 and {b~ 5~ coincide. Moreover, since ~ (~,-~]), it follows that  the 

eardinality of J~  is p -  1 except for ~ = �89 when the cardinality is P__~_!. Similarly, 

the cardinalities of 3~ - and 5e~- are P-@ except for ~=  �89 when the eardinalities are 
p--1 

4 
The following result determines the suborbits of the action of G on Yr. 

Theorem 4.1. [16, Theorem] The action of G on 26 has 
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(i) p+--Z7 suborbits of length p - l ,  all of them self-paired. These are b~ ~ b ~  
and ~ for ali those ~ which satisfy ( - 1  _ 1 E N*. 

- p - - 1  namely 5P~ and ~f~ where ~-1 _ 1 E S*. Among (ii) P-~ suborbits of length --~-, 
them the self-paired suborbits correspond to all those ~ for which both ~ and ~ -  1 
belong to N* and so their number is if p -  l (. odS) and if p -  5(modS). 

(iii) 2 suborbits of length P-@, namely b ~ and b~ which are self-paired if and only 
2 2 

if  p-- 1 (roodS). | 

It was noted in the proof of Theorem 2.1 that the rank 3 action of Ap+l on pairs 
from {i, 2,...,p+1} contains the action of PSL(2,p) on cosets of Dp-1. Therefore the 
two orbital graphs can be found among the generalized orbital graphs X(G,H,}If), 
where ~I/is a self-paired union of certain suborbits described in Theorem 4.1. In fact, 
it can be seen that the two orbital graphs are X(G, H,3~176 and its complement. 

With the explicit description of the suborbits of G on ~ the construction of 
the relative generalized orbital graphs X--X(G,H,~4f), where ~4/ is a self-paired 
union of suborbits of G, is relatively simple. Namely, the edge set of X is precisely 
the set {{Hg, Hwg} :g E G,w E~} and hence in order to determine the structure 
of X a rule for the multiplication of characters is applied. 

The description of these graphs is best done via a factorization modulo the 

Sylowp-subgroup generated b y t h e  matrix [~ 11]. For example, the smallest 

admissible pair of primes p = 13 and q = 7 gives rise to the following suborbits: 
J0 +~1-}-' b ~  -, 502, 5~ 5~ of size 12 and b ~ 504 of size 6, all of them self-paired, 
and 5~176 of size 6 and b ~ J~- of size 3 which are not self-paired. Therefore 
each of the corresponding generalized orbital graphs is a union of the graphs 
X(G,H,}g)  with ~g E {b~176176176176176176176176 }. As an illustration, 
using the notation of Frucht [6], the generalized orbital graph corresponding to 
~ = b ~  is given below in Figure 4. 

Finally, the subdegrees of the action of G =  PSL(2,61) on the set ~d of cosets 
of A5 can be computed by the method of [9]. But we refer the reader also to [18], 
where a criterion for self-pairedness of suborbits is given. We obtain the following 
result. 

Theorem 4.2. The action of G= PSL(2,61) on the set od of cosets of A5 gives rise 
to: 
(i) 1 suborbit of size 1, 6 and 10 respectively; 
(ii) 2 suborbits of size 12; 
(iii) 4 suborbits of size 20; 
(iv) 5 suborbits of size 30; 
(v) 27 suborbits of size 60. 
Except for 8 suborbits of size 60, all other suborbits are self-paired. | 

A description of the relative generalized orbital graphs is possible with methods 
mentioned before the statement of the above theorem. Namely, the stabilizers of 
suborbits of length 1, 6, 10, 12, 20, 30 and 60 are respectively A5, DlO, D6, Zs, Z3, 
Z2 and 1. So we choose a particular subgroup A5 inside PSL(2,61) - for example, 
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+_1 

Fig. 4. X(PS'L(2,13),D12,J7) 

[~ 0 I a n d / 3 : I : 2  22]  - as wellas copies the one generated by elements c~ = - 2 0  

of the corresponding stabilizers and perform the necessary computat ions to obtain 
a more detailed information about the suborbits and the generalized orbital graphs. 

5. A c t i o n  o f  PSL(2,q 2) on  c ose t s  o f  PGL(2,q) 

The graphs arising from the action of G = PSL(2,q 2) on the set ~ of right 
cosets of H = PGL(2, q) can be described as follows. (For further details as well as 
all the proofs see [17[). 

Let F = GF(q). Fixing a non-square/3 E F,  let c~ be a solution of the equation 
x 2 =/3. The extension V = F ( a )  of F is then isomorphic to GF(q2). We may let 

[o 0] G=PSL(2,V) and H = < K , 8 > ,  where K=PSL(2,F) and 8 =  c _  1 . It  can 

be shown that  H is isomorphic to PGL(2,F). For simplicity reasons we refer to 
the elements of G as matrices. 

Let Q be the set of all elements x E F such that  x =y2 /3+y  for some y E F.  Let 
f~+ and f~- be the sets of all non-zero squares and non-squares in f~ respectively. 

EverycosetH97LHindk{eontainsaeanonicalrepresentative[1 yet ] zc~ l + yz/3 ' (y C 
F, z E F*). Let us call w = y2z2~_~_yz C f~ the character of H9. It  can be shown that  
this concept is well-defined. Moreover, one can then also see that  each suborbit  
contains cosets with equal characters. More precisely, letting J~o be the set of all 
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cosets H9 whose characters are equal to a given co C f~, the suborbits of the action 
of G on ~ are determined by the following result. 

Theorem 5.1. (Theorem 1.1, [17]) The action of G on o~ has the following non- 
trivial suborbits. 
(i) Y0 is the only suborbit of length (q2_ 1). 
(ii) Y_(4/~)-1 is the only suborbit of length q(q-1) /2  if q--1 (rood4) and of length 
q(q+ l)/2 if q=_3(mod4). 
(iii) suborbits Yw (co C ~2-\{(-4~)-1})  have length q(q-1); there number is (q-5)/4 
if q -  l (mod4) and ( q - 3 ) / 4  if q=_3(mod4). 
(iv) suborbits Yw (co E a+\{( -4 /~) -1})  have length q(q+l); there number is (q - l ) / 4  
if q = 1 (rood4) and (q -  3)/4 if  q -  3 (rood4). 
Furthermore, M1 suborbits are self-paired. | 

Let us mention that  the lengths of these suborbits can also be deduced from 
formula (7) of [5]. Moreover, an alternative approach is given in [2@ 

With the explicit description of the suborbits of G on o~ the construction of 
the corresponding generalized orbital graphs X(G,H,~g), where ~g is a union of 
suborbits, is relatively simple. The structure of these graphs is best understood via 

a factorization modulo a cyclic group of order --.q2+1 The computations however 
are rather tedious. To illustrate the ideas we thus choose to consider the smallest 
case q = 3  which gives rise to graphs L(Ko) and L(K~), the Fermat graphs arising 
also in rows 2, 7 of Table 1. 

The two non-trivial H-suborbits are Yl of length 6 containing cosets with 
representatives 

[ I[ J[ ] l + a  0 - l + a  1 - 1 - a  1 
0 - l + a  ' 1 - a  a ' l + a  - a  

[1 1o] [1 1:1 [1 
c~ -l+a ' a -i ' a 

and $0 of length 8 containing cosets with representatives 

-i -c~ ' c~ ' 1+c~ ' a l-a ' 

[011] [1 1:ol 1; o] �9 
Two complementary graphs having 15 vertices are obtained. The graph X(G, Yl) = 
K~ is depicted in Figure 2, where the notation of Frucht [6] is used to emphasize 

the three orbits of the cyclic group of order 5 generated by the element [1 - 1 ]  
1 - - ( ~  ' 
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